Introduction
A fibration p : V → W , where V and W are smooth manifolds and p has maximal rank, equal to dim W , at every point of V will be called a twisted product (or bundle). The fiber M = p −1 (x), x ∈ W , is a smooth manifold and the structure group is in general the group diff M of smooth homeomorphisms of M . We shall study the special case when M = S n−1 or M = D n . It is known that when the fiber is R n , the euclidean n-space, the bundle is equivalent to a linear bundle. This is so because diff R n has the same homotopy properties as the groups SO n and GL(n). Until 1956 it seemed that this would also be the case for S n−1 . Then Milnor [5] constructed an example of a diffeomorphism S 6 → S 6 which was not smoothly isotopic to an orthogonal one. Thus the group diff S n−1 generally has more connected components than the orthogonal group. Later Milnor, Kervaire and Smale (see [5, 8] ) found quite a few components of diff S n−1 which did not contain the components of O n , but for n ≥ 4 nothing was known about the relation between homotopy properties of SO n and the connected component diff 0 S n−1 of the identity. The fact that diff 0 S n−1 cannot be deformed onto SO n was first established by the author for n = 8 in [6] .
The present paper aims at a detailed exposition and further development of the previous work [6] 1 of this author. In § § 4-5 essential maps of spheres into diff 0 S n−1 are constructed for some n; these maps cannot be deformed into the group SO n . The existence of corresponding nonlinearizable sphere bundles over spheres of dimension > 1 is then deduced (for the circle the existence of such bundles follows from Milnor's example of a nontrivial connected component of diff S n−1 for n = 7). Results about homotopy properties of the spaces of smooth embeddings of a sphere in euclidian spaces are obtained as a byproduct (see § 5). The results in § 1 are not new, they are just an exposition of familiar and unfamiliar known facts in a form convenient for us. Among the results of § 2 we note only the construction of Translated by: S. Feder. 1 The following corrections should be made to [6] :
1. In the table of homotopy groups of spheres replace G 14 = Z 2 ,θ 14 = 0 by G 14 = Z 2 + Z 2 , θ 14 = Z 2 .
2. In part 3) of Theorem 3 replace A 2p−3,2kp(p−1)−2k ⊗ Zp ⊃ Zp + · · · + Zp (p − 1 terms) by A 2p−3,2kp(p−1)−2k ⊗ Zp ⊃ Zp.
3. The author's footnote should be deleted.
the homomorphisms λ n i and µ n i and the relations between them. The main results are contained in § 4 and also in § 5 where consequences of § 4 are deduced.
§ 3 contains, in a convenient form, well-known results of Milnor, Smale, Kervaire, Adams and others.
We note that the methods of this paper allow us to find nontrivial elements of π i (diff 0 S n−1 )/π i (SO n ) only for i < n/2. Presumably π i (diff 0 S n−1 ) ≈ π i (SO n ) for large i < n. However, at this time the author has no way of proving it. § 1. Differentiable bundles. Classifying spaces Let M be a C ∞ smooth oriented compact manifold with or without boundary. We denote by diff M the group of all C ∞ diffeomorphisms of M with the topology which takes into account all derivatives (from zero to infinity). One can, as usual, consider bundles over finite complexes with fiber M and structure group diff M . This leads us to the usual concepts of associated, induced and universal bundles, which can be constructed for diff M using the general theory. The base B diff M of the universal bundle has the usual properties for bundles over finite complexes.
On the other hand, we may consider only those bundles for which the base and total space are smooth manifolds and the projection has maximal rank at each point (and is itself smooth of the same class as the space). We intend to give an interpretation of the universal bundle which will naturally distinguish the twisted products, just as in the case of a Lie group as the structure group.
Examples of bundles. . If the manifolds W , V , M are closed, no other conditions are necessary and the projection p is a twisted product with structure group diff M . This is a typical example of a finite-dimensional differentiable bundle.
2. Let diff(M, W ) denote the space of diffeomorphisms of M into W . If W has a boundary, we shall further assume that all diffeomorphisms have images strictly in the interior of W . On the space diff(M, W ) we have actions without fixed points of diff(M ) (on the left) and diff(W ) (on the right). The factor space diff(M, W )/ diff(M ) we shall denote by P l(M, W ), and call it the space of embeddings of M into W (in the naturally induced topology). We now establish some properties of the space P l(M, W ) and the projection p : diff(M, W ) → P l(M, W ).
a. The space P l(M, W ) is locally contractible.
Proof. For simplicity assume that M is closed and f : M ⊂ W is some embedding, f ∈ P l(M, W ). For any sufficiently close embedding g ∈ P l(M, W ) we can find a perpendicular from a point x ∈ g(M ) to the embedded submanifold f (M ). This perpendicular is uniquely determined by x and smoothly depends on x. This can be simultaneously done for all embeddings sufficiently close (in the C 2 sense) to the embedding f . A deformation of a small neighborhood U (f ) ⊂ P l(M, W ) to the point f can be given as follows: each point x on the embedding g(M ) moves uniformly along its perpendicular with the speed equal to the length of the perpendicular from the point x to the corresponding point on the embedding f . If M is a manifold with boundary, then the proof easily generalizes, but first we must project not onto f (M ), but onto some smooth extension of it.
b. The projection diff(M, W ) → P l(M, W ) has local sections. One considers the embedding f ∈ P l(M, W ), the diffeomorphismf : M → W which gives rise to f and extends it to the family of diffeomorphisms U (f ) → diff(M, W ) using a deformation which is an inverse to the one described in a.
c. In the papers of Palais [7] and Cerf [2] a stronger fact was proven. Let diff W act on the spaces diff(M, W ) and P l(M, W ). Then for any pointf ∈ diff(M, W ) there is a neighborhood S(f ) ⊂ diff(M, W ) and a map q : S(f ) → diff(W ) such that q(f ) = e andf • q(ḡ) =ḡ. The group diff(W ) acts on diff(M, W ) on the right. Therefore the spaces diff(M, W ) and P l(M, W ) are infinite-dimensional homogeneous spaces of diff W with stationary group D ⊂ diff W , consisting of maps leaving a given embedding f : M ⊂ W pointwise fixed, and D × diff M respectively.
Hence the projection diff(M, W ) → P l(M, W ) is a fibration with structure group diff M .
Consider the associated bundle ν W , with fiber M , base P l(M, W ) and projection p. The space of this bundle consists of pairs (x, f ) where f ∈ P l(M, W ) and x ∈ W is a point on the embedding f : M ⊂ W .
Let V be a smooth manifold and f :
We have
Proof. Consider the
∞ and all differentials of order < ∞ continuously depend on the point x ∈ V . We approximate f by a smooth map f :
The new map f does not preserve the cartesian product structure. Let us now project the image of f |x × M onto the level x × W for all x ∈ V . This new map we denote by f 1 : V × M → V × W . This map is level preserving, is C r -close to f and therefore to f , and is of class C ∞ . The map f 1 determines a smooth map
Lemma 1 trivially implies
Thus we have a definition of smoothness for maps g : V → P l(M, W ) which can be lifted. However, not all maps can be lifted. We shall use the fact that for the ball D n , every map g : D n → P l(M, W ) can be lifted to a mapḡ : D n → diff(M, W ). Thus for the ball D n we have the concept of a smooth map into P l(M, W ) and the approximation lemma. for a given i. We can also assume that if g was C ∞ in some domain U i ⊂D n i , then in a smaller domain (which can be chosen to be as close to U i as we please) the approximation coincides with g. Putting these maps together we get, by induction, an approximation of g :
Remark. Any two close maps g t : V → P l(M, W ) are obviously homotopic; thus in Lemma 3 the maps g and g 1 are homotopic.
From Lemma 3 we have
∞ map then the induced bundle g * ν W with base V , total space E g , fiber M and projection p g has the following properties: a) E g is a smooth C ∞ manifold; b) the projection p g has maximal rank at every point.
2) If g t : V → P l(M, W ), t = 1, 2, are homotopic maps of class C ∞ , then there exists a C ∞ diffeomorphism f : E g1 → E g2 commuting with the projections p g1 and p g2 (so f leaves the base space pointwise fixed ). 
Therefore the total space E g of the bundle is covered by neighborhoods D To prove 2) we simply remark that two homotopic smooth maps are smoothly homotopic. Given this fact, the proof is just a repetition of the standard proof for SO-bundles.
We will next construct an n-universal bundle with diff M as structure group. Let m be the dimension of M . Let W = R N and consider the bundle
where N is a large integer.
Proof. Consider an arbitrary map g : S i → diff(M, R N ) and extend it to a map of the ballg :
Since 2(m + n) + 3 < N a theorem of Whitney allows us to do so. Further, we can extend the embedding
Hence we extended the map g 1 to a smooth map of the ball D i+1 → diff(M, R N ), but the maps g and g 1 are homotopic.
Corollaries. 1. Since the bundle ν R N is associated with the principal bundle
it is n-universal for N > 2(m + n) + 3. 2. The bundle ν R N is also n-universal for differentiable bundles over smooth manifolds. Any differentiable bundle arises from a smooth homotopy class of maps V → P l(M, R N ) and vice versa. 3. Since continuous maps can be approximated by smooth ones, the smooth equivalence classes of smooth bundles coincide with usual equivalence classes of bundles.
4. If an embedding f : W 1 → W 2 is given, then we also have a bundle map f * : ν W1 → ν W2 . Letting W 2 = R N we see that the bundle ν R N is also universal for "infinite-dimensional smooth bundles" ν W constructed in the example 2 (see above), or at least if N is sufficiently large, all these bundles embed in the universal one. § 2. The main structure groups and the relations between them
We shall be interested mainly in the groups diff M in the case when M = S n−1 , D n or R n . Moreover, we will distinguish and study the following subgroups of those groups: a) SO n ⊂ GL + (n, R) ⊂ diff S n−1 . b) ∆ n , the group of those diffeomorphisms of the closed unit ball D n , for each of which there exists > 0, depending on the diffeomorphism, such that in theneighborhood of the boundary the diffeomorphism takes a point with radius 1 − ≤ R ≤ 1 into a point with the same radius and a radial ray of length is mapped into a radial ray. c) K n , the group of diffeomorphisms of the closed ball D n leaving some neighborhood of its boundary pointwise fixed. d) K n , the group of diffeomorphisms of the closed ball D n leaving the boundary pointwise fixed.
As usual we denote by G 0 the connected component of the identity of a continuous group G.
Consider the following fibrations:
These give rise to the exact sequences
Lemma 6. The inclusions ∆ n ⊂ diff D n and K n ⊂ K n induce isomorphisms on homotopy and homology groups of all dimensions.
Proof. We see from the fibrations (I) and (II) that it suffices to prove the lemma for the inclusion K n ⊂ K n . Let f : S l → K n be a map. We shall show that f can be deformed into K n . The map f induces a map
If f is smooth (which we can assume without loss of generality) then f is a diffeomorphism. The diffeomorphism f (of class C r for sufficiently large r) leaves the boundary S l × S n−1 fixed and the vector field on S l × D n which is normal to the boundary gets "bent" in some way, but the resulting field will be a field of smooth curves in S l × D n , transversal to S l × S n−1 . Since this field is transversal and smooth, one can find a smooth fiber map which is an isotopy of this field with the field of normals; this isotopy will give a smooth homotopy of the map f :
which maps, in a sufficiently small neighborhood of the boundary, a radius normal to the boundary into itself. By a fiber-preserving isotopy we change this diffeomorphism into one that does not change the distance from the boundary if it is sufficiently small. This last diffeomorphism determines a map f 1 : S l → K n which is actually a map into K n . Analogously one proves that if a map f : S l → K n is null-homotopic in K n then that homotopy can be deformed into K n (the homotopy is a map F : D l+1 → K n such that F |∂D l+1 = f ). We proved thus that the inclusion K n ⊂ K n induces isomorphisms on the homotopy groups. Since both spaces are of simple homotopy type, the lemma follows.
Lemma 6 implies that the exact sequences (I ) and (II ) actually coincide. Therefore from a homotopy standpoint the groups ∆ n and diff D n as well as K n and K n coincide. Moreover, it was shown in [10] that the homotopy and homology groups of diff R n are isomorphic to those of the subgroup SO n and the isomorphisms are given by the induced inclusion homomorphisms.
2 It is well known that the group GL + (n, R) can be deformed onto SO n . It was also proven in [10] that the inclusion SO n ⊂ diff 0 S n−1 induces monomorphisms (this fact has an elementary proof).
Milnor has shown that the group π 0 (diff S n−1 ) is commutative. He has studied the group
and has shown that Γ 7 is nontrivial (see [5] ). Milnor has also shown that the elements of Γ n are in one to one correspondence with smooth structures on S n which have a smooth triangulation combinatorialy equivalent to the usual one. At the present time it is known (see [5, 8, 9] ) that the groups Γ n are finite for n = 4 and Γ i = 0 for i ≤ 3. It is also known that the groups diff S 1 and diff S 2 have SO 2 and SO 3 correspondingly as deformation retracts. There is no similar result for the group diff S 3 . Smale has conjectured that SO 4 , is a deformation retract of diff S 3 .
3
We shall study the groups diff S n−1 for large n. So far, nothing has been known about the groups π i (diff S n−1 ) for i > 0 except for the facts mentioned above. We aim to prove that the groups π i (diff S n−1 )/p 1 * π i (diff D n ) are nontrivial for i > 0 and some values of n.
To study the groups π i (diff 0 S n−1 ) we shall construct a homomorphism
which takes a neighborhood of the boundary ∂D i = S i−1 into the identity of the group. The map f in the usual way determines the diffeomorphism
which leaves a neighborhood of the boundary S i−1 × S n−1 pointwise fixed. We can represent the sphere S i+n−1 in the following way:
On the manifold D i × S n−1 we have the diffeomorphism f which leaves a neighborhood of the boundary pointwise fixed. We extend this diffeomorphism over the sphere S n+i−1 by letting it be the identity on
be the smooth isotopy class of the constructed diffeomorphism. This way we get the map
We shall prove that λ n i is a well-defined homomorphism. 1. λ n i is well-defined. Let f and g : D i → diff 0 S n−1 be C ∞ maps representing the same element α ∈ π i (diff 0 S n−1 ) and taking a neighborhood of the boundary of D 1 into the identity of the group. We have then a smooth mapping of the cylinder
into the identity of the group. The mapping F determines a diffeomorphism
The diffeomorphism F just as in the construction of λ n i determines a diffeomorphismF :
(g) and the diffeomorphismF takes the point (x, t) into the point (y, t) where t ∈ I. Thus the diffeomorphisms λ n i (f ) and λ n i (g) are isotopic, which shows that λ n i is well-defined. 2. λ n i is a homomorphism. Let α, β ∈ π i (diff 0 S n−1 ) and let f, g : D i → diff 0 S n−1 be maps representing α, β which take a neighborhood of the boundary of D i into the identity of the group. Assume that for each x ∈ D i either f (x) = e or g(x) = e (i.e., the carriers of f and g do not intersect). It follows that the diffeomorphisms λ n i (f ) and λ n i (g) commute and λ
which in turn implies that λ n i is a homomorphism. Consider the group K n , consisting of diffeomorphisms of the ball D n leaving a neighborhood of the boundary fixed. We can define an inclusion κ : K n ⊂ diff S n as follows: any diffeomorphism of the ball D n determines a diffeomorphism of S n if we consider D n to be the lower hemisphere of S n . In the exact sequences (I ) and (II ) the boundary homomorphism
We have the following diagram (for i = 1)
Proof. Consider the mapping f : I → diff 0 S n−1 , taking a neighborhood of the boundary ∂I = S 0 into the identity of the group. This mapping determines a diffeomorphism f :
Extending this map to a diffeomorphism S n → S n we obtain the homomorphism λ n 1 . We now lift the map f :
for which g |D n × 0 = 1. On the boundary
We attach a ball D n 0 to D n × I by identifying ∂D n 0 with D n × 1 in the natural way. This determines diffeomorphisms representing κ * ∂ on the sphere
where 0 ≤ t ≤ 1. It is easily seen that for t = 0, 1 we get the spheres S n 0 , S n 1 as determined above. On the sphere S n t we have the mapping f t : S n t → S n t which leaves D n 0 ⊂ S n t pointwise fixed and equals g = f |∂D n × I(1 − t, 1) and equals g |D n × (1 − t). The only place where f t is not smooth is ∂D n × (1 − t) -we have a corner which can be easily smoothed. The maps f t give an isotopy between f 0 = κ * ∂(f ) and f 1 = λ n 1 (f ). By smoothing the angles this isotopy is made to go through diffeomorphisms of S n . Thus on homotopy classes κ * ∂ = λ n 1 . This proves the lemma.
Analogously with λ n i we define homomorphisms
Let α ∈ π i (diff 0 S n−1 ) and consider the map f : I i → diff 0 S n−1 of the cube, which takes a neighborhood of its boundary ∂I i into the identity of the group and which represents the class α. The map
can be viewed as a family of mappings
The smooth family g t defines a mappinḡ
whereḡ(x)(y, t) = (g t (x), t). Diffeomorphisms in Imḡ ⊂ diff 0 (S n−1 × I) have natural extensions to diffeomorphisms of the sphere
This results in a mapping
which generalizes the mapping
We have indeed λ 
is commutative (the proof is as in Lemma 7). Let us draw some conclusions from the results of this section. We have established that from a homotopy point of view the groups ∆ n and diff D n , as well as K n and K n coincide (the author does not know whether the proof of this obvious fact is contained in the literature). Moreover, we defined the homomorphisms (IV)
n ), and proved that
The properties of the homomorphisms (IV) imply that
The groups π i,n will be the ones we will be interested in. § 3. Homotopy groups of spheres and the groups of Milnor
In this section, for convenience of further exposition, we shall give the known definitions and interrelations for the groups Γ n , θ n of Milnor and the homotopy groups of spheres π N +n (S N ) = G n . The group Γ n is by definition the quotient
The group θ n is constructed as follows: the elements are the h-cobordism classes of smooth oriented manifolds which are homotopy n-spheres, the composition is given by the connected sum of oriented manifolds and the identity is provided by the class of the ordinary n-sphere S n . In the group θ n there is a subgroup θ n (∂π), elements of which can be represented by homotopy spheres which bound π-manifolds. We have Theorem (Adams). Every homotopy sphere is a π-manifold.
There is a homomorphism defined by Milnor on
which is easily defined through framed manifolds of L. S. Pontrjagin.
Theorem (Milnor). The kernel of the homomorphism δ is given by θ n (∂π).
This gives us an inclusion δ : θ n /θ n (∂π) ⊂ G n / Im J. Let us list the results about θ n .
Theorem (Milnor, Kervaire). The groups θ 2k (∂π) are trivial. The groups θ 4k+1 (∂π) contain not more than two elements, while
The groups θ 4k−1 (∂π) are nontrivial cyclic of finite order for k ≥ 2, while θ 7 (∂π) = Z 28 and θ 11 (∂π) = Z 992 . For n = 4k + 2,
For n = 4k + 2 the index of Im δ in G n / Im J does not exceed two; it is equal to two for k = 0, 1, 3 and is equal to one for k = 2, 4.
Corollary (Milnor, Kervaire). The groups θ n (n = 3) are finite. Moreover, there is a homomorphism S : Γ n → θ n , which is constructed as follows: let h : S n−1 → S n−1 be a diffeomorphism which represents an element α ∈ Γ n . Let S(α) = {D n ∪ h D n }, where the curly brackets denote the h-cobordism class of the manifold D n ∪ h D n .
Theorem (Smale). 4 The homomorphism S : Γ n → θ n is a canonical isomorphism for n = 3, 4. The elements of θ n are smooth manifolds which are combinatorialy equivalent to the standard sphere S n and can be obtained by gluing together two balls D n ∪ h D n , where h : S n−1 → S n−1 determines uniquely an element of Γ n . Thus for n = 4k + 2 any element of G n can be represented by a framed manifold, combinatorially equivalent with S n , and for n = 4k + 2 at least half the elements of G n (those lying in Im δ) admit such a representation. Moreover, this smooth sphere can be obtained by identifying the boundaries of two balls using the diffeomorphism h : S n−1 → S n−1 , where h determines the unique element of the group Γ n , which depends for n ≥ 5, modulo θ n (∂π), only on the element of the group G n / Im J. § 4. The stable homotopy ring and the group of diffeomorphisms of the sphere
It is well known that the direct sum G = i≥0 G i , of the stable homotopy groups of spheres is an anticommutative graded ring. The multiplication is given by the cartesian product of framed manifolds. Let J ⊂ G be the subgroup J = i≥0 J i , where J i = Jπ i (SO). For our purposes, as we shall see later, we must know the multiplication J • G. Let us first establish some properties of the subgroup J ⊂ G. Let M n be a π-manifold. Denote by B(M n ) ⊂ G n the set of elements of G n which can be represented by a framing of M n in the sense of Pontrjagin.
Lemma 8. B(S
Proof. Let α ∈ B(S i × S j ) and let i ≤ j. Consider the cycle S i × x 0 ⊂ S i × S j , where x 0 ∈ S j . Let h : S i → SO j be a smooth map and h :
We can prove by standard methods that the map h : S i → SO j for i ≤ j can be chosen so that the framing of S i × S j can be extended over the manifold
where h :
We easily see that ∂B n+1 (h) = S i × S j ∪ M n (h) and the manifold M n (h) is a homotopy sphere. We prove now that independently of h the manifold M n (h) is diffeomorphic to the sphere. Indeed
4 Part of this theorem was independently proven by Wallace who used similar ideas. The part of the theorem relative to the Poincaré conjecture was also proven by Stallings in a somewhat weaker form for n ≥ 7 and by Zeeman for n = 5, 6. Zeeman used completely different methods.
We now construct a diffeomorphism
we take the identity diffeomorphism. Since the diffeomorphism h :
can be extended to a map M n (h) → S n , which has a "corner" at the common boundary
This corner is then smoothed, which proves the desired statement. Since J i+j = B(S i+j ), any framing on S i × S j can be pulled back to a framing of M n (h) and the manifold M n (h) is diffeomorphic to S n for any h. This proves the lemma.
Letθ n ⊂ G n be the subgroups of elements representable by framed manifolds, which are combinatorially equivalent to the standard sphere (in § 3 this group was denoted by Im δ, and some properties of these subgroups were given).
Lemma 9. Let α ∈θ n and β ∈ J i , i ≥ n. Then αβ ∈ J n+i , except when i = n = 1, 3, 7.
Proof. Consider the element αβ ∈ G n+i . This element has a natural representation as a framed manifoldS n × S i , where α is represented by a framing of a Milnor sphereS n . It turns out that for i ≥ n we have a diffeomorphism
One can indeed prove thatS
We consider the natural homeomorphismS n → S n × D i+1 and approximate it by a smooth embeddingS n ⊂ S n × D i+1 ⊂ R n+i+1 (see [3] ). Because of the dimension restrictions, the smooth sphereS n ⊂ R n+i+1 has a trivial normal bundle. Therefore we get an embeddingS
where the sphereS n × O is homotopic to the sphere S n × O. Using the results of Smale we conclude thatS
Applying Lemma 8, and noting that αβ ∈ B(S i × S n ) we arrive at the desired statement. The lemma is proved.
If the conditions of Lemma 9 are not satisfied, i.e., i < n, then for some α ∈θ n and β ∈ J i we will possibly have αβ / ∈ J i+n . Let α, β be a pair of just such elements, and let α be represented by the smooth framed spherẽ
we can assume that h ∈ π i (SO n ). (We consider i ≤ [n/2] + 1). Let us consider the smooth representative f h : S i → SO n of the element h. The mapping f h induces the diffeomorphism
which is defined by f h (x, y) = (x, f h (x) • y). We can now consider the diffeomorphism f h |S i × S n−1 and the diffeomorphism qf h q −1 defined on S i × S n−1 by the formula
where SO n ⊂ diff S n−1 . We have the important Lemma 10. If α ∈θ n , β ∈ J i and αβ / ∈ J n+i , then the diffeomorphism
cannot be extended to a diffeomorphism
Proof. We represent the element αβ with the framed manifold
is easily seen to contain, beside αβ, the trivial element. Consider the sphere S i × x 0 ⊂ S i ×S n , x 0 ∈S n and fix a field of n-frames τ
We choose the field τ n 0 in such a way that the natural framing of S i ×S n which determines the element α • 0 = 0 should extend to the manifold
Here the diffeomorphism To determine an analogous manifold
over which the framing of S i ×S n defining αβ could be extended, we use a field of frames τ n 1 , which differs from the field τ n 0 by a smooth map f : 
Moreover, the composition g
Let us begin to construct a homeomorphism F :
. We establish a natural correspondence between the subsets
, t = 0, 1, and try to extend it over
is defined everywhere except on Q ⊂ M n+i 1
. Consider now the natural diffeomor-
; on the boundary we have the composition would be diffeomorphic. However, they are not diffeomorphic. On the other hand, we have
and sinceS
[If one considers the orthogonal transformation p : S n−1 → S n−1 in the natural coordinates of the sphere, induced by the coordinates of the ball D n 1 ⊂S n , then in the natural coordinates induced by D n 2 ⊂ S n it will have the form qpq −1 .] The lemma follows.
Lemma 10 easily implies Theorem 1. Let h ∈ π i (SO n ) and β = J(h). Moreover, let α ∈ θ n be represented by the framed manifoldS
If αβ / ∈ J n+i then the element qhq
Proof. According to Lemma 10, the mapping f : S i → SO n has the property that the diffeomorphism qf q
does not belong to Im p 1 * which is determined by smooth maps alone. However, the theorem now follows from the approximation lemma (see § 1).
Consider now the homomorphisms (VII)
Lemma 11. In the above notation
Proof. Let us first show that the formula makes sense. Since δST (q) ∈ G n /J n and i ≤ (n/2) + 1, the composition [δST (q)] • J(h) is, according to Lemma 9, a unique element in the group G n+i /J n+i , i.e., where the right hand side of the formula is an element. What is the right hand side? Let us represent the element h ∈ π i (SO n ) by a map f : D i → SO n , such that a neighborhood of the boundary of the ball is mapped into the identity of the group. Then the map
will have the same property. Further consider the diffeomorphism
generated by qf q −1 and which is the identity on the boundary. As before we construct a diffeomorphism on S i+n−1 : namely
we have a diffeomorphism which is the identity on the boundary. This can then be naturally extended to S n+i−1 . The resulting diffeomorphism is nontrivial on S n−1 × D i ⊂ S n+i−1 only, and belongs to the class λ using this diffeomorphism. We write
and our diffeomorphism "rotates" each sphere S
, which is realized by the identity diffeomorphism (we should remember here that on that part of the sphere S n+i−1 the diffeomorphism is the identity) is naturally diffeomorphic to D n × S i . We now make the identification on the remaining part of the boundary, which is diffeomorphic to
This is equivalent to gluing to D n × S i , obtained after the first identification, the space S n−1 × D i+1 using the diffeomorphism
(earlier we could have assumed that we were mapping not D i but S i into the groups SO n and diff 0 S n−1 , because the mappings took neighborhoods of the boundary into the identity of the group).
Hence the homotopy sphere ST λ n i (qhq −1 ) is obtained as follows: we take two manifolds W 1 = S n−1 × D i+1 and W 2 = D n × S i and identify their boundaries by the diffeomorphism
However, this manifold modulo θ n+i (∂π) can be constructed differently. We take the cartesian productS n × S i , whereS n = ST (q), and carry out a spherical modification on the cycle x × S i , x ∈S n , using the framing τ n 0 , which is normal to x × S i inS n × S i in such a way that the resulting manifold M n+i 0 carries a framing cobordant to the trivial framing determining the zero element 0 ∈ B(S n × S i ); then we carry out another spherical modification, using τ and come across the necessity of extending the map F :
. However, on one hand the manifold M n+i 0 is diffeomorphic to S n+i mod θ n+i (∂π) and on the other hand the homotopy sphere ST λ n i (qhq −1 ) is constructed in such a way that if we attempt to construct a diffeomorphism of it onto S n+i , then starting from the identity map on D n × S i we find that the extension of this over
necessitates that the same map
be extended. The obstruction to extending the diffeomorphism F over S n−1 ×D i+1 occurs actually at a single point and is equal to some element γ ∈ Γ n for which are diffeomorphic mod θ n+i (∂π) and after applying δ the difference between them is lost. This completes the proof of the lemma.
We can now formulate our main results about the homotopy groups of the group of diffeomorphisms of a sphere.
Theorem 2. Let h ∈ π i (SO n ) with i < n/2 + 1 and α ∈θ n ⊂ G n with α • J(h) / ∈ J n+i . Consider any element q ∈ π 0 (diff S n−1 ) for which δST (q) ≡ α (mod J n ). Then the elements
are nontrivial for all 0 ≤ k ≤ i − 1 and do not belong to
Proof. Since the image of δST λ From Theorem 2 we immediately get Corollary 1. If α ∈θ n ⊂ G n , β ∈ J i , i < n/2 + 1 and αβ / ∈ J i+n , then all groups
Corollary 2. If, with the same assumptions, the element β has prime order p, then all groups π i−k (diff S n+k−1 )/ Im p 1 * contain at least p elements (as before, 0 ≤ k ≤ i).
Proof. The statement is obvious for p = 2. If p > 2, then it can be easily seen that the elements q m hq −m and q l hq −l are not equal mod Im
i.e., the images of these elements are different for m ≡ l (mod p). This gives the desired statement.
Some necessary data from tables: 1) p = 2:
Relations between differentiable and linear sphere bundles
In this section we shall list the properties of smooth sphere bundles which are consequences of § 4.
The universal sphere bundle has base P l(S n−1 , R N ) for sufficiently large N , fiber S n−1 and structure group diff S n−1 . From the fibration
and the asphericity of the space diff(S n−1 , R N ) for dimensions i with 2(i + n) + 3 < N , we conclude that
In particular, the group
and hence is commutative. The action of the group π 0 (diff S n−1 ) on the groups π i−1 (diff S n−1 ) via the transformation qhq −1 , where q ∈ π 0 (diff S n−1 ) and h ∈ π i−1 (diff S n−1 ) becomes under the isomorphism
The usual action of the fundamental group on the homotopy groups, and the orbits of π 1 (P l(S n−1 , R N )) acting on π i (P l(S n−1 , R N )) naturally correspond to the free homotopy classes of maps S i → P l(S n−1 , R N ). It is known that a space is of simple homotopy type if the free homotopy classes of maps of spheres into the space coincide with the elements of homotopy groups. It follows from Theorem 1 that if [δST (q)] • J(h) / ∈ Im J, where q ∈ π 0 (diff S n−1 ) and h ∈ π i−1 (SO n ) ⊂ π i−1 (diff S n−1 ), then the element qhq −1 does not belong to Im p 1 * and therefore does not belong to π i−1 (SO n ) ⊂ π i−1 (diff S n−1 ). Thus qhq −1 = h.
Consequence 1. The space P l(S n−1 , R N ) is not of simple homotopy type. The tables of the groups G n ,θ n , J k are given in [6] (except that instead of G 14 = Z 2 +Z 2 the erroneous G 14 = Z 2 is given). In the same paper the multiplication table G k G l ⊂ G k+l is given. It follows from that table that one can take i = 1, n = 8; i = 1, n = 9; i = 2p − 3, n = 2kp(p − 1) − 2k for all primes p ≥ 3 and k ≤ p − 2. In the last case the element J(h) ∈ J 2p−3 is of order p, which implies that for all m = 0, 1, . . . , p−1 the elements q m hq −m are distinct mod Im p 1 * (see Corollary 2, § 4).
For given values of pairs (i, n) there exist the following kinds 5 of smooth S n−1 bundles over S i+1 : a) Bundles which are equivalent to SO n -bundles in the group diff S n−1 and are not equivalent to SO n -bundles in the group diff 0 S n−1 . This follows from the fact that the free homotopy classes in P l(S n−1 , R N ) do not coincide in dimensions > 1 with the based homotopy classes (the fundamental group is commutative).
b) If we take, for example, i = 1, n = 8 then we can conclude that no element q ∈ π 0 (diff S n−1 ) will make
conjugate to an element of Im p 1 * . This means that there exist smooth sphere bundles over spheres of dimension > 1, which are not a boundary of a smooth ball bundle over the sphere.
Consequence 2. From Theorem 2 we conclude that for the same values of the pairs (i, n) all the groups
are nontrivial. This enables us to give a series of examples of nontrivial (nonlinearizable) bundles over S i−k+1 with fiber S n+k−1 and structure group diff 0 S n+k−1 or diff S n+k−1 . In conclusion the author wishes to express deep gratitude to D. V. Anosov, who pointed out to us the approximation lemma for the infinite-dimensional case (see Lemma 1).
and
We define the transformation Φ :
If we pass to piecewise linear automorphisms of the sphere, all our bundles become equivalent to SO-bundles. 6 Here we get nontrivial bundles even when SO-bundles do not exist.
where
One can easily prove that the definition of Φ is correct. Lemma 11 and Theorem 2 give Theorem 1.1. There exist numbers i, k such that the homomorphism
This theorem answers a problem of Muncrees (see [11] ) and follows easily from the results of [6] which was published by the author before the problem was formulated.
Since the normal bundle of a homotopy sphere in a euclidean space R n+j is determined by the element α ∈ Ker J ⊂ π n−1 (SO j ), we have the inclusion
We shall show that for j > n/2 + 1 the inclusion going the opposite way holds. Let α ∈ Ker J ∩ Tor π n−1 (SO j ).
Consider the Thom complex T j (α) of the SO j -bundle over S n whose characteristic class is α. The top homology cycle of T j (α) has dimension n + j and is spherical since α ∈ Ker J. We take the mapping of degree +1 of the sphere S n+j → T j (α) and make it t-regular on S n ⊂ T j (α). Using spherical modifications, just as in [5] and [12] , we find that the full preimage is of the same homotopy type as S n , as long as α ∈ Tor π n−1 (SO j ) and j > n/2 + 1. This preimage is the homotopy sphere with normal bundle α and S n+j or R n+j . This completes the proof.
Lemma 2.3. LetẼ N : π n+j−1 (S j ) → G n−1 /J n−1 for j > n/2 + 1 be the iterated suspension. Then KerẼ N = Im J.
Proof. Obviously Jπ n−1 (SO j ) ⊂ KerẼ N . Now let β ∈ KerẼ N be represented by a framed manifold M n−1 ⊂ R n+j−1 . Using the inequality j > n/2 + 1 we find that M n−1 is a homotopy sphere in the case when n − 1 = 4k + 2 and [(n − l)/2 − l]-connected for n−1 = 4k+2. In the second case, since β ∈ KerẼ N , the Arf invariant will vanish and therefore we can again take M n−1 to be a homotopy sphere; in both cases we obviously have M n−1 ∈ θ n−1 (∂π). Therefore the manifold M n−1 with any framing in R n+j determines an element of Jπ n−1 (SO j ) because any embedding of the ordinary sphere in R n+j−1 for j > n/2 + 1 determines an element of Im J. This proves the lemma.
Let us denote byπ n+j (S j ) ⊂ π n+j (S j ) the subgroup of elements which can be represented by framed homotopy spheres. If j > n/2 + 1 then the subgroup π n+j (S j ) coincides with π n+j (S j ) for n = 4k + 2 and is of index ≤ 2 for n = 4k + 2. We also have whereπ n+j−1 (S j ) = π n+j−1 (S j ), n = 4k + 2. This sequence has the property that Im H j = Ker J ∩ Tor π n−1 (SO j ) for n ≡ 0 mod 4, and it is exact in all other cases.
Proof. Lemmas 2.2 and 2.3 treat the exactness of this sequence at all terms except θ n−1 /θ n−1 (∂π). However, it is obvious that ImẼ N = Ker H j since ImẼ N consists exactly of those homotopy spheresS n−1 which have trivial normal bundle in R n+j−1 . The theorem is proved.
Let us consider the homomorphism
H j : θ n /θ n (∂π) → π n−1 (SO j ), j > n 2 + 1 in greater detail. We have Theorem 2.2. The image of the homomorphism H j consists of elements of order 2 S .
Proof. From Lemma 2.2 we know that H j (θ n /θ n (∂π)) is contained in Ker J ∩ Tor π n−1 (SO j ). Therefore the iterated inclusion homomorphism j N : π n−1 (SO j ) → π n−1 (SO j+N )
annihilates Im H j ; this follows from the results of Adams [1] about the stable Jhomomorphism. We first consider the case when α ∈ Im H j is such that qα = 0, where q : π n−1 (SO j ) → π n−1 (SO j+1 ).
In the fibration SO j+1 /SO j = S j the element α belongs to the image of the homomorphism ∂ : π n (S j ) → π n−1 (SO j ), since jα = 0 i.e., α = ∂β. If j is odd, then, for n < 2j − 2, Im ∂ consists of elements of order 2 alone and the proof is completed. If j is even we use the well-known formula
where β ∈ π n (S j ), n < 2j − 2, τ j is the generator of the group π j (S j ) and [ , ] the Whitehead product. If β is of odd order then E l β • [τ j , τ j ] = 0, since [τ j , τ j ] is an element mod C 2 with Hopf invariant 2, where C 2 is the class of finite 2-groups in the sense of Serre. This element can be handled like an element of Hopf invariant 1. This implies that the group Ker J, in the dimensions which we consider, consists of elements of order 2 S . Since Ker q ⊂ Im ∂ we conclude that Ker q ∩ Ker J consists of elements whose order is of the form 2 S . We complete the proof by induction on k : let Ker j k−1 ∩ Ker J be a group of order 2 S . We now show the same for Ker j k ⊂ Ker J. Consider the homomorphism j k−1 : Ker j k ∩ Ker J → π n−1 (SO j+k−1 ).
The kernel of this homomorphism has, by induction, order 2 S . The image lies in the intersection Ker q ∩ Ker J; also i + k − 1 > n/2 + 1 if j > n/2 + 1 and k > 0. Hence the image is also of order 2 S for some S.
Thus the homomorphism H j for j > n/2 + 1 is trivial on the p-component of θ n for p > 2.
As an example consider the case when the homomorphism H j is nontrivial for p = 2. Letting n = 16 and using the tables in the work of Toda [13] 
